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Introduction
In [1] a number of some combinatorial identities was obtained. One of such identities is a
generalization of the Chaundy-Bullard identity [2], see also [3–10]
The proof was based on integration of holomorphic monomials along a piecewise regular
boundary of a bounded linearly convex n-circular domain in Cn, in particular, of a bicircular
domain in C2:
Similar identities were obtained in [11], where holomorphic monomials were integrated along
the boundary of a 3-circular domain in C3:
These identities were verified and generalized by the method of Egorychev from [12] developed
in [13].
The domains considered in [1] and [11] were not complete and the identities obtained have
binomial and polynomial coeﬃcients.
The structure of the integral representation [14] and known examples imply the following
conjecture
Problem 1. The integral representation in [14] permits one to obtain combinatorial identities
related to the geometry of a domain, along whose boundary the integration of a holomorphic
function is performed.
As follows from the proof of theorem 6 of this paper, this conjecture is proved to be true for
complete bounded linearly convex domains with piecewise regular boundary in Cn.
The article consists of three sections, the first two preceed the proof of the main theorem.
In the first section we formulate the theorem on the integral representation in bounded
n-circular linearly convex domains with piecewise regular boundary in Cn and introduce the
necessary notation and definitions.
In the second section we study some properties of the projection  : Cn ! Rn+, where Rn+ is
the nonnegative part of Rn (i.e the Reihardt diagram centered at the origin).
In the last section we formulate and prove a lemma and the main theorem.
krivokolesko@gmail.com
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1. Integral representation in n-circular linearly convex
domains with piecewise regular boundary in Cn
A domain G  Cn is called linearly convex ( [15], §8), if for each point z0 of its boundary @G
there is a complex (n  1)-dimensional analytic plane passing through the point z0 and disjoint
from G (note that some authors use the term "weak linear convexity", for example, see [16]).
Let there be given a bounded linearly convex domain of the polyhedral form (a linearly convex
polyhedron)
G = f z : gl(z; z) < 0; l = 1; : : : ; Ng
in the space Cn, where the functions gl(z; z) are twice continuously diﬀerentiable in a neighbor-
hood of the closure of the domain.
The boundary @G of the domain G is called piecewise regular, if for every nonempty edge
SJk = Sj1:::jk = Sj1 \ : : : \ Sjk =
= f  2 @G : gj1(; ) = 0; : : : ; gjk(; ) = 0; 1 6 k 6 ng
we have the inequality @gj1 ^ : : : ^ @gjk 6= 0, or equivalently
rang
0BBBBB@
@gj1
@1
: : :
@gj1
@n
: : :
. . . : : :
@gjk
@1
: : :
@gjk
@n
1CCCCCA = k: (1)
The orientation of the faces S1; : : : ; SN is induced by the orientation of the boundary @G, @G =
NS
i=1
Si and the orientation of each face Si; i = 1; : : : ; N induce the orientation of every (2n  2)-
dimensional edge Sij , @Si =
S
j
Sij , and, taking into account the orientation, we have Sij =  Sji.
The orientation of the edge Sj1:::jk is given by ordering of the faces Sj1 ; : : : ; Sjk , and is defined
inductively.
The integral representation in bounded linearly convex domains with piecewise boundary is
proved in [14]. In [1] we give a detalization of the key theorem from [14] for n-circular domains,
using which we derive a series of combinatorial identities.
Next we need the formulation of the theorem from [1].
1.1. Detalization of the integal representation from [14]
A domain G  Cn is n-circular if for each point z = (z1; : : : ; zn) 2 G it contains all points
z  ei' = (z1  ei'1 ; : : : ; zn  ei'n); 0 6 '1 < 2; : : : ; 0 6 'n < 2.
In case of an n-circular polyhedron the functions gl depend on modules jzj j only, i. e. such
polyhedra are as follows
G = f z : gl(jzj) < 0; l = 1; : : : ; Ng;
where the functions gl(jzj) are twice continuously diﬀerentiable in a neighborhood of the closure
of this domain.
Introduce the following notation:
gljmj =
@gl
@jmj ; g
l
jsjjmj =
@2gl
@jsj@jmj ; (2)
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hrgl; i = hrgljj; jj   zi =
nX
m=1
gljmj(jmj   mzm); (3)
~csm =
kX
t=1
t
hgt; i (jsj g
t
jsjjmj + 
m
s g
t
jmj);
kX
t=1
t = 1; t > 0; t = 1; : : : ; k; (4)
~RJk =  

0 : : : 0 gj1j1j : : : g
j1
jnj
: : :
. . . : : : : : :
. . . : : :
0 : : : 0 gjkj1j : : : g
jk
jnj
j1jgj1j1j : : : j1jgjkj1j ~c11 : : : ~c1n
: : :
. . . : : : : : :
. . . : : :
jnjgj1jnj : : : jnjgjkjnj ~cn1 : : : ~cnn

; (5)
~p1:::pkj1:::jk =

gj1jp1j : : : g
j1
jpkj
: : :
. . . : : :
gjkjp1j : : : g
jk
jpkj
 : (6)
We denote
~!Jk =
( 1) k(k+1)2  ( 1)p1+:::+pkdjj[p1; : : : ; pk]
~p1:::pkj1:::jk
; (7)
where ~p1:::pkj1:::jk 6= 0 and djj[p1; : : : ; pk] is the exterior product of the diﬀerentials dj1j; : : : ; djnj;
where djp1 j; : : : ; djpk j are omitted.
Note that if 1 6 k 6 n we find the mixed Levians ~LI(gj1 ; : : : ; gjk) = ~LIk(gJk) from
~RJk = ~Rj1:::jk =
X
jIj=n k
i11 : : : 
ik
k
hgj1jj; jj   zii1 : : : hgjkjj; jj   ziik
 ~LI(gj1 ; : : : ; gjk): (8)
Notation (2)–(8) allow us to formulate the following theorem from [1].
Theorem 2. Let G = f z : gl(jzj) < 0; l = 1; : : : ; Ng be a bounded piecewise regular linearly
convex domain in Cn. Then every function f(z) holomorphic in G and continious on G is
representable in G as
f(z) = ( 1)n
nX
k=1
( 1)k 1
X
]J=k
0 X
jIj=n k
j1:::jk ; (9)
where
P
]Jk=k
0
stands for summation over ordered multi-indices Jk of length k : 1 6 j1 < : : : <
jk 6 N ;
P
jIkj=n k
stands for summation over multi-indices Ik = (i1; : : : ; ik) with the property
jIkj := i1 + : : :+ ik = n  k,
j1:::jk =
I!
(2i)n
Z
jSJ j
~LI(g
j1 ; : : : ; gjk)~!J
Z
jj=1
f( j1j1 ; : : : ;
jnj
n
)
kQ
t=1
hrgjtjj; jj   ziit+1
 d

; (10)
d

=
d1
1
^ : : : ^ dn
n
, ~LI is a mixed Levian, and Ik! = i1!  : : :  ik!.
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1.2. Some properties of the projection of Cn on Rn+
For a point z = (z1; : : : ; zn) 2 Cn we denote jzj = (jz1j; : : : ; jznj) 2 Rn+.
Consider a projection of Cn on the Reinhardt diagram ( Rn+ )
 : (z1; : : : ; zn) ! (jz1j; : : : ; jznj): (11)
We denote the image of the set G  Cn under this projection as jGj  Rn+.
The projection  maps n-circular sets G  Cn bijectively to sets jGj = (G)  Rn+.
Let
a1z1 + : : :+ anzn + c = 0 (12)
be an analytic plane in the space Cn that passes through the point  (c =  (a11 + : : :+ ann))
disjoint from the domain G 2 Cn.
The description of the projection (12) on the Reinhardt diagram is given in Proposi-
tion 4.3 [17].
Projection (12) is given by the system of inequalities:8>>>><>>>>:
+ja1jjz1j   ja2jjz2j   ja3jjz3j   : : :  janjjznj   jcj 6 0;
 ja1jjz1j+ ja2jjz2j   ja3jjz3j   : : :  janjjznj   jcj 6 0;
...
 ja1jjz1j   ja2jjz2j   ja3jjz3j   : : :  janjjznj+ jcj 6 0:
(13)
Let us assume that an analytic plane (12) passes through the point  i.e. c =  (a11+: : :+ann).
Then each plane of the family
a1z1e
 i'1 + : : :+ anzne i'n + c = 0; 0 6 'm < 2; m = 1; : : : ; n (14)
passes respectively through point ei' = (ei'1 ; : : : ; ei'n).
It follows that the set (14) is an n-circular set in Cn. Moreover its projection on the
Reinhardt diagram is given by the system (13) and coincides with the projection of each plane
on the Reinhardt diagram of the family (14).
The properties of the projection  for n-circular sets give us the following geometric criterion
of linear convexity of a domain G  Cn at points  of the boundary @G.
Criterion 3. Let an analitic plane (12) be disjoint from an n-circular domain G  Cn and pass
through the point  2 @G the boundary of the domain G. Then the system of inequalities (13)
on the Reinhardt diagram is disjoint from the domain jGj = (G), jj belongs to the closure of
the set given by the system (13), and jj 2 @jGj.
Let the set given by (13) be disjoint from the domain B  Rn+ and jj 2 @B belong to the
closure of the set given by the system (13), then the n-circular family of planes in Cn
ja1jz1e i'1 + : : :+ janjzne i'n + c = 0; 0 6 'm < 2; m = 1; : : : ; n (15)
disjoint from the domain G =  1(B)  Cn and passing through the point jjei' 2 @G corre-
sponds to the system (13).
Definition 1. A set G  Cn is called complete if together with the point z0 = (z01 ; : : : ; z0n) 2 G
the points fz = (z1; : : : ; zn) : jz1j 6 jz01 j; : : : ; jznj 6 jz0njg belong to G.
It follows from the definition that a complete set G  Cn is n-circular, since with each point
z = (z1; : : : ; zn) 2 G it contains all the points z  ei' = (z1  ei'1 ; : : : ; zn  ei'n); 0 6 '1 <
2; : : : ; 0 6 'n < 2; and also contains the origin.
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1.2.1. Some properties of 
Define in Rn+ the following "planes " :
+ja1jjz1j   ja2jjz2j   ja3jjz3j   : : :  janjjznj   jcj = 0; : : : ; (1)
 ja1jjz1j   ja2jjz2j   : : :  jan 1jjzn 1j+ janjjznj   jcj = 0; (n)
 ja1jjz1j   ja2jjz2j   ja3jjz3j   : : :  janjjznj+ jcj = 0; (n+1) (16)
and "spaces "
+ja1jjz1j   ja2jjz2j   ja3jjz3j   : : :  janjjznj   jcj > 0; : : : ; (+1)
 ja1jjz1j   ja2jjz2j   : : :  jan 1jjzn 1j+ janjjznj   jcj > 0; (+n)
 ja1jjz1j   ja2jjz2j   ja3jjz3j   : : :  janjjznj+ jcj > 0: (+n+1) (17)
It is evident thNauka,at +l\+m = ? when l 6= m; l;m = 1; : : : ; n+1 and +l\(13) = ?;
when l = 1; : : : ; n+ 1 and +1 [ : : : [+n+1 [ (13) = Rn+.
Therefore
(a) if an analytic plane a1z1 + : : :+ anzn + c = 0 in Cn is disjoint from an n-circular domain
G 2 Cn then jGj belongs to one of the "spaces" +1; : : : ;+n+1 in Rn+;
(b) if an analytic plane a1z1 + : : :+ anzn + c = 0 in Cn is disjoint from an n-circular domain
G 2 Cn and passes through the point  2 @G then the point jj belongs to one of the "planes"
m when m = 1; : : : ; n+ 1 which is tangent to jGj at the point jj 2 @jGj;
Remark 4. If n-circular domain G  Cn is linearly convex then jGj is convex in Rn+.
The converse is false, an example is given by an open ball in Rn+.
(c) if an analytic plane a1z1 + : : : + anzn + c = 0 in Cn is disjoint from a complete domain
G 2 Cn then jGj belongs to +n+1 i.e. for points of a complete n-circular domain G 2 Cn there
is an inequality:
ja1jjz1j+ ja2jjz2j+ : : :+ janjjznj   jcj < 0; (18)
from which follows
jha; zij = ja1z1 + a2z2 + : : :+ anznj < jcj: (19)
Remark 5. Recall that we consider a bounded linearly convex domain
G = f z : gl(z; z) < 0; l = 1; : : : ; Ng;
where the functions gl(z; z) are twice continuously diﬀerentiable in a neighborhood of the closure
of the domain. The boundary @G of G consists of the faces
Sl = f z 2 G : gl(z; z) = 0g; l = 1; : : : ; N:
The analytic plane tangent to the domain G at the point  2 Sl ( [15], p. 87), i. e. which passes
through the point  2 @G and is disjoint from G is given by:(
z : hrgl ; z   i =
nX
m=1
@gl
@m
(zm   m) = 0
)
: (20)
Note that the number of all analytic planes tangent to the domain G at the point  of the edge
Sj1:::jk  @G is described by analytic planes tangent to the faces Sj1 ; : : : ; Sjk at the point .
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From (20) we see that in case of n-circular domains analytic planes tangent to the domain
G at the point ei' 2 Sl; 0 6 ' < 2 are given by(
z : hrgljj; jj   e i'zi =
nX
m=1
@gl
@jmj (jmj   e
 i'mzm) = 0
)
: (21)
Applying the notation (2) we write the equations of the family analytic tangent planes (21) as:
nX
m=1
gljmjmzm  
nX
m=1
gljmjjmj = 0; (22)
where j1j = : : : = jmj = 1:
For the points z of a complete linearly convex domain G and j1j = : : : = jmj = 1 by virtue
of (19), we have 
nX
m=1
gljmjmzm
 <

nX
m=1
gljmjjm
 : (23)
It follows from (23) that for points z of a complete linearly convex domain G and j1j = : : : =
jmj = 1
nX
m=1
gljmjjmj  
nX
m=1
gljmjmzm = Al
 
1 
nX
m=1
gljmjmzm
Al
!
= Al(1  hal; i); (24)
where
jhal; ij =

nX
m=1
almm
 < 1 (25)
and
Al =
nX
m=1
gljmjjmj; al =
 
glj1j z1
Al
; : : : ;
gl1 z1
Al
!
: (26)
2. The main theorem
Theorem 6. For every bounded and complete linearly convex domain G with piecewise regular
boundary such that all the vertices Sj1:::jn are distinct there is a combinatorial identity with
binomial coeﬃcients
1 = ( 1)n
nX
k=1
( 1)k 1
X
]Jk=k
0 X
jIkj=n k
X
mJk=s
(jmj1 j+ i1)!  : : :  (jmjk j+ ik)!
mj1 !  : : : mj1 !

mJk (s; Jk; Ik); (27)
where

mJk (s; Jk; Ik) =
Z
jSJk j
jjs gj1jjmj1  : : :   gjkjjmjk
kQ
t=1
(Ajt)
jmjt j+it+1
 ~LIk(gJk)  !Jk (28)
and
Ajt =
nX
l=0
gjtl jlj; g
jt
jj = (g
jt
1 ; : : : ; g
jt
n ); jjs = j1js1  : : :  jnjsn ; (29)
ajt = (aj11; : : : ; ajtn); mjt = (mj11; : : : ; ajtn); (30)
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a
mjt
jt
=
nY
l=1
a
mjtl
jtl
; mjt ! =
nY
l=1
mjtl!; jmjt j = mjt1 + : : :+mjtn ; (31)
a
mJk
Jk
=
kY
t=1
a
mjt
jt
; mJk ! =
kY
t=1
mjt ! (32)
and
mJk =mj1 + : : :+mjk = (mj11 + : : :+mjk1; : : : ;mj1n + : : :+mjkn); (33)
jmJk j = mj11 + : : :+mjk1 + : : :+mj1n + : : :+mjkn = jmj1 j+ : : :+ jmjk j: (34)
Lemma 7. For any t = 1; : : : ; k, if jhajt ; ij < 1 then in notation (29)–(34)
1
kQ
t=1
(1  hajt ; i)it+1
=
1
Ik!
X
>0
0BB@ X
mJk=
kQ
t=1
(jmjt j+ it)!
mJk !
a
mJk
Jk
1CCA ; (35)
where  = (1; : : : ; n) 2 Zn+.
Proof of lemma 7. Recall that in case jha; ij < 1 the following formula holds
1
(1  ha; i)i = 1 +
( i)( hai)1
1!
+
( i)( i  1)( hai)2
2!
+
: : :+
( i)( i  1) : : : ( i  (l   1))( hai)l
l!
+ : : : =
=
1X
l=0
(l + i  1)!
l!(i  1)! (hai)
l =
1X
l=0
(l + i  1)!
l!(i  1)! (a11 + : : :+ ann)
l =
=
1X
m=0
(l + i  1)!
l!(i  1)!
X
m1+:::+mn=l
m!
m1! : : :mn!
(a11)
m1  : : :  (ann)mn =
=
1X
jmj=0
(jmj+ i  1)!
m!(i  1)! (a )
m; (36)
where m = (m1; : : : ;mn), (a )m = (a1 1)m1  : : :  (an n)mn = am m and jmj = m1+ : : :+mn:
Let jhajt ; ij < 1; t = 1; : : : ; k. Applying (36), we get
kY
t=1
1
(1  hajt ; i)it+1
=
kY
t=1
0@ 1
it!
1X
jmjt j=0
(jmjt j+ it)!
mjt !
(ajt)
mjt
1A =
=
1
Ik!
1X
jmj1 j=0
: : :
1X
jmjk j=0
 
kY
t=1
(jmjt j+ it)!
mjt !
(ajt)
mjt
!
=
=
1
Ik!
1X
jmj1 j=0
: : :
1X
jmjk j=0
 
kY
t=1
(jmjt j+ it)!
mjt !
(a
mjt
jt
)
!
(mj1+:::+mjk ) =
=
1
Ik!
X
mJk>0
kQ
t=1
(jmjt j+ it)!
mJk !
a
mJk
Jk
mJk =
1
Ik!
X
>0
0BB@ X
mJk=
kQ
t=1
(jmjt j+ it)!
mJk !
a
mJk
Jk
1CCA :
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Proof of theorem 6. Apply the theorem from [1] to the holomorphic function f(z) = zs = zs11 
: : :  zsnn , (s1; : : : ; sn) 2 Zn+.
On every edge SJk by virtue of (10) we then obtain
j1:::jk =
Ik !
(2i)n
Z
jSJk j
~LIk(g
Jk)!Jk
Z
jj=1
  j1j
1
s1  : : :    jnjn sn
kQ
t=1
hrgjtjj; jj   ziit+1
 d1
1
^ : : : ^ dn
n
=
=
Ik !
(2i)n
Z
jSJk j
~LIk(g
Jk)!Jk
Z
jj=1
jjs
s
kQ
t=1
Ait+1jt (1  hajt ; i)it+1
 d

: (37)
Due to completeness of the domain, it follows from Remark 5 and formula (25), for t = 1; : : : ; k
that jhajt ; ij < 1, where j1j = 1; : : : ; jnj = 1. Applying (35) we obtain from (37) that
=
Ik !
(2i)n
Z
jj=1
1
s
kQ
t=1
Ait+1jt
 1
Ik!
X
0
0@ X
mJk=
(jmj1 j+ i1)!  : : :  (jmjk j+ ik)!
mJk !
a
mJk
Jk
1A   d

=
=
1
kQ
t=1
Ait+1jt
X
mJk=s
(jmj1 j+ i1)!  : : :  (jmjk j+ ik)!
mJk !
a
mJk
Jk
=
=
1
kQ
t=1
Ait+1jt
X
mJk=s
(jmj1 j+ i1)!  : : :  (jmjk j+ ik)!
mJk !
kY
=1
a
mj
j
=
=
1
kQ
t=1
Ait+1jt
X
mJk=s
(jmj1 j+ i1)!  : : :  (jmjk j+ ik)!
mJk !
kY
=1
 
gjjjz
Aj
!mj
=
=
zs
kQ
t=1
A
jmjt j+it+1
jt
X
mJk=s
(jmj1 j+ i1)!  : : :  (jmjk j+ ik)!
mJk !
kY
=1

gjjj
mj
: (38)
Then (37) becomes
j1:::jk = zs 
X
mJk=s
(jmj1 j+ i1)!  : : :  (jmjk j+ ik)!
mJk !
Z
jSJk j
jjs ~LIk(gJk)
kQ
t=1
A
jmjt j+it+1
jt
kY
=1

gjjj
mj
!Jk ;
or
j1:::jk = zs 
X
mJk=s
(jmj1 j+ i1)!  : : :  (jmjk j+ ik)!
mJk !
 
mJk (s; Jk; Ik); (39)
where

mJk (s; Jk; Ik) =
Z
jSJk j
jjs ~LIk(gJk)
kQ
t=1
A
jmjt j+it+1
jt
kY
=1

gjjj
mj
!Jk =
=
Z
jSJk j
jjs

gj1jj
mj1  : : :  gjkjjmjk
kQ
t=1
A
jmjt j+it+1
jt
 ~LIk(gJk)!Jk : (40)
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Applying (39) to (9) of theorem [1], for f(z) = zs, we obtain
zs = zs( 1)n
nX
k=1
( 1)k 1
X
]Jk=k
0 X
jIkj=n k
X
mJk=s
(jmj1 j+ i1)!  : : :  (jmjk j+ ik)!
mJk !

mJk (s; Jk; Ik):
Whence a series of identities follows
1  ( 1)n
nX
k=1
( 1)k 1
X
]Jk=k
0 X
jIkj=n k
X
mJk=s
(jmj1 j+ i1)!  : : :  (jmjk j+ ik)!
mJk !

mJk (s; Jk; Ik):
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Получение комбинаторных тождеств с полиномиальными
коэффициентами с помощью интегрального представле-
ния
Вячеслав П.Кривоколеско
Институт математики и фундаментальной информатики
Сибирский федеральный университет
Свободный, 79, Красноярск, 660041
Россия
На основе интегрального представления функций, голоморфных в n-круговых линейно выпуклых
полиэдрах, предложен метод получения тождеств с полиномиальными коэффициентами.
Ключевые слова: комбинаторные тождества, полиномиальные коэффициенты, интегральные
представления.
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